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Abstract 

Starting from topological quantum field theory, we derive space-time uncertainty 
relation with respect to the time interval and the spatial length proposed by Yoneya 
through breakdown of topological symmetry in the large N matrix model. This work 
suggests that the topological symmetry might be an underlying higher symmetry behind 
the space-time uncertainty principle of string theory. 
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1 Introduction 



In spite of recent remarkable progress in nonperturbative formulations of M-theory [Q] and 
IIB superstring ^, we have not yet reached a complete understanding of the fundamental 
principle and the underlying symmetry behind string theory. Since a string has an infinite 
number of states in the perturbative level in addition to various extended objects as solitonic 
excitations in the nonperturbative regime, it is expected that in string theory the fundamen- 
tal principle might have peculiar properties and the gauge symmetry would be quite huge 
compared to the usual ones in particle theory. 

In a quest of the fundamental principle of string theory, Yoneya has advocated a space-time 
uncertainty principle which is of the form ^ 

ATAX > (1) 

where Ig denotes the string minimum length which is related to the Regge slope a' by Is = Va'. 
Provided that the relation (1) holds literally, string theory would lead a physical picture that 
space-time in itself is quantized at the short distance and the concept of space-time as a 
continuum manifold cannot be extrapolated beyond the fundamental string scale Ig- In more 
recent work , making use of the " conformal constraint" which stems from the Schild action 
and essentially expresses the space-time uncertainty priciple (1), Yoneya has constructed 
a IIB matrix model from which the IKKT model [Q] can be interpreted as an effective theory 
for D-branes 0. 

In this article, we would like to consider the space-time uncertainty principle from a 
different perspective from Yoneya's one. Namely, we attempt to understand at least some 
aspects of the underlying gauge symmetry of string theory through the relation (1). We will see 
that topological quantum field theory provides us with a nice framework in understanding 
the space-time uncertainty principle (1). It is worthwhile to point out that it has been already 
stated that a topological symmetry might be of critical importance in both string theory and 
quantum gravity in connection with the background independent formulation of string theory 
and the unbroken phase of quantum gravity 0. Our study at hand may shed a light on this 
idea to some extent. 

The paper is organized as follows. In section 2 we review Yoneya's works relating 
to the present study. In section 3, we derive the space-time uncertainty principle from the 
topological field theory where the classical action is trivially zero. The final section is devoted 
to discussions. 

2 The space-time uncertainty principle and 
the conformal constraint 

In this section, we review only a part of Yoneya's works relevant to later study (See 0, |^ 
for more detail). Let us start with the Schild action |^ of a bosonic string. Then the Schild 
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action has a form 

1 /• . r 11/. .9. 1 

(2) 



Sschiid = -\j <fi [ (e''''daX^d,X-)'' + e 



where ^''(^) (/i = 0,l,...,D — 1) are space-time coordinates, e(^) is a positive definite scalar 
density defined on the string world sheet parametrized by and and A = 47ra'. 
Taking the variation with respect to the auxiliary field e((^), one obtains 



e{i) = -^l--{e-^daX^^d,X'^)\ (3) 



which is also rewritten to be 

\' = -\{X^.X^]\ (4) 
where one has introduced the diffeomorphism invariant Poisson bracket defined as 

{X^ X'^} = -l^e^^'daX^^d.Xr (5) 
Then eliminating the auxiliary field e(^) through (3) from (2) and using the identity 

- det daX ■ d,X = -i [e'^'daX^^d^X'^f , (6) 

the Schild action (2) becomes at least classically equivalent to the famous Nambu-Goto action 

Sng 

S Schild = -J J <fi\l- det daX ■ dbX, 

= Sng- (7) 

Let us note that the "conformal" constraint (4) describes half the classical Virasoro con- 
ditions and the well-known relation between the Poisson bracket and the commutation 
relation in the large N matrix model 

{A,B}^[A,B], (8) 

leads the "conformal" constraint (4) to 

A2 = -i[X^Xf . (9) 

Then it turns out that the commutation relation (9) yields the space-time uncertainty principle 
(1) 1^. Here notice that it is not the whole Schild action but the "conformal" constraint in 
the large matrix model that produces the space-time uncertainty principle so that it is a 
natural next step to seek the fundamental action yielding the relation (9). Actually, Yoneya 
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has derived such an action which has a close connection with the IKKT model [5]. His 
construction of the action is in itself quite interesting but seem to be a bit ambiguous. In 
particular, a natural question arises whether or not we can derive the relation (9) in terms of 
the more field-theoretic framework where we usually start with a classical action with some 
local symmetry. In the following section, we shall challenge this problem of which we will see 
an interesting possibility that the breakdown of a topological symmetry gives a generation of 
the quantum action including the essential content of the space-time uncertainty principle. 



3 A topological model 

Let us start by considering a topological theory p| where the classical action is trivially zero 
but dependent on the fields and e(^) as follows: 

5, = 5,(X^(O,e(O) = 0. (10) 

The BRST transformations corresponding to the topological symmetry are given by 

6bX^ = ^bV = 0, 

dse = e r], 6b1] = 0, 

6BC=b, 6Bb = 0, (11) 

where ip'^ and r] are ghosts, and c and b are respectively an antighost and an auxiliary field. 
Note that these BRST transformations are obviously nilpotent. Also notice that the BRST 
transformation Sbc shows the character as a scalar density of e. 

The idea, then, is to fix partially the topological symmetry corresponding to Sbc by intro- 
ducing an appropriate covariant gauge condition. A conventional covariant and nonsingular 
gauge condition would be e = 1 but this gauge choice is not suitable for the present purpose 
since it makes difficult to move to the large matrix theory. Then almost unique choice up 
to its polynomial forms is nothing but the "conformal" condition (4). Hence the quantum 
action defined as Sg = J d?^ eLg becomes 



Lq = -6b 

e 



= h {A^ X^f + A^) - c (r/ (-1 {X^ X^Y + A^) + 2 {X^ X''} {A^ r]) ,(12) 

where the BRST transformations (11) were used. 

What is necessary to obtain a stronger form of the space-time uncertainty relation (9) 
is to move to the large N matrix theory where in addition to (8) we have the following 
corresp ondences 

j (f^ e < — > Trace, 

oo 

De^J2^ (13) 
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where the trace is taken over SU{n) group. These correspondences can be justified by ex- 
panding the hermitian matices by SU{n) generators in the large hmit as is reviewed by 
the reference |10|. Here it is worth commenting one important point. As in the IKKT model 
the matrix size n is now regarded as a dynamical variable so that the partition function 
includes the summation over n. Even if the direct proof is missing, the summation over n 
is expected to recover the path integration over e(^). In fact, the authors of the reference 
1^ have recently shown that the model of Fayyazuddin et al. where a positive definite 
hermitian matrix Y is introduced as a dynamical variable instead of n, belongs to the same 
universality class as the IKKT model 0] owing to irrelevant deformations of the loop equation 
0. Thus we think that the correspondences (8) and (13) are legitimate even in the context 
at hand. 

Now in the large limit, we have 
S, = Tr (b Q [X^ X'-f + A^) - c |?7 (-i [X^, X'^f + A^) + 2 [X^ X^] [X^ r]]) ■ (14) 
Next by redefining the auxiliary field h hy h + c rj^ Sq can be cast into a simpler form 

Sq = Tr (h [X^ X'f + A^) - 2X^c r/ - 2c [X^ X"] [X^ , r]) ■ (15) 
Then the partition function is defined as 

DX''D^''DeDr]DcDb e"^'. 



= ^ / i}A:^£)^/'^£)r/L'c£»6 e"^". (16) 

n=l '' 

At this stage, it is straightforward to perform the path integration over r] and c, as a result 
of which one obtains 

oo „ 

^ = E / DX^OrDb e-^'- ' (il^'N^-l'+A^) . (17) 

n=l •' 

In (17) there remains the gauge symmetry 

di)^' = u^", (18) 

which is of course the remaining topological symmetry. Now let us factor out this gauge 
volume or equivalently fix this gauge symmetry by the gauge condition ijj'^ = 0, so that the 
partition function is finally given by 

oo „ 

^ = E / DX^^Db e-^^ ' (i[^^^1^+A^) . (19) 



n=l 



It is remarkable that the variation with respect to the auxiliary variable b in (19) gives 
a stronger form of the space-time uncertainty relation (9) and the theory is "dynamical" in 
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the sense that the ghosts have completely decoupled from (19). In other words, we have 
shown how to derive the space-time uncertainty principle from a topological theory through 
the breakdown of a topological symmetry in the large matrix model. Why has the topo- 
logical theory yielded the nontrivial "dynamical" theory? The reason is very much simple. 
In moving from the continuous theory (12) to the matrix theory (14), the dynamical degree 
of freedom associated with e(^) was replaced by the discrete sum over n, on the other hand, 
the corresponding BRST partner rj remains the continuous variable. This distinct treatment 
of the BRST doublet leads to the breakdown of the topological symmetry giving rise to a 
"dynamical" matrix theory. In this respect, it is worthwhile to point out that while the topo- 
logical symmetry is " spontaneously" broken, the other gauge symmetries never be violated in 
the matrix model (Of course, correctly speaking, these gauge symmetries reduce to the global 
symmetries in the matrix model but this is irrelevant to the present argument.) Moreover, 
notice that the above-examined phenomenon is a peculiar feature in the matrix model with 
the scalar density e(^), which means that an existence of the gravitational degree of freedom 
is an essential ingredient. 

4 Discussions 

In this short article, we have investigated a possibility of the space-time uncertainty principle 
advocated by Yoneya [^, || to be derived from the topological field theory 0. The study at 
hand suggests that the underlying symmetry behind this principle in string theory might be a 
topological symmetry as mentioned before in a different context 0. This rather unexpected 
appearance of the topological field theory seems to be plausible from the following arguments. 
Suppose that we live in the world where the topological symmetry is exactly valid. Then we 
have no means of measuring the distance owing to lack of the metric tensor field so that there 
is neither concept of distance nor the space-time uncertainty principle. If the topological 
symmetry, in particular, that associated with the gravitational field, is spontaneously broken 
by some dynamical mechanism, an existence of the dynamical metric together with a string 
would give us both concept of distance and the space-time uncertainty principle. 

So far we have not paid attention to the number of the space-time dimensions so much 
except the implicit assumption D >2. An intriguing case is D = 2 even if this specification is 
not always necessary within the present formulation. In this special dimension, the Nambu- 
Goto action which is at least classically equivalent to the Schild action as shown in (7) becomes 
not only the topological field theory but also almost a surface term as follows: 



where we have assumed a smooth parametrization of over in order to take out the 
absolute value. Actually, this topological model has been investigated to some extent in the 




±detdaX^, 



(20) 
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past 12, 13|. In this case, it is interesting that we can start with the nonvanishing surface 
term classical action. 

One of the most important problems in future is to understand the symmetry breaking 
mechanism of a topological symmetry proposed in this paper more clearly by physical picture. 
Another interesting problem is to introduce the spinors and construct a supersymmetric 
matrix model from the topological field theory. These problems will be reported in a separate 
publication. 
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